Quantum tele-amplification with a continuous variable superposition state
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Optical coherent states are classical light
fields with high purity, and are essential carriers of information in optical networks. If these
states could be controlled in the quantum regime,
allowing for their quantum superposition (referred to as a Schrödinger cat state), then novel
quantum-enhanced functions such as coherentstate quantum computing (CSQC)1–5 , quantum
metrology6,7 , and a quantum repeater8,9 , could
be realized in the networks. Optical cat states are
now routinely generated in the laboratories. An
important next challenge is to use them for implementing the aforementioned functions. Here we
demonstrate a basic CSQC protocol, where a cat
state is used as an entanglement resource for teleporting a coherent state with an amplitude gain.
We also show how this can be extended to a losstolerant quantum relay of multi-ary phase-shift
keyed coherent states. These protocols could be
useful both in optical and quantum communications.
Among various optical implementations of quantum
information processing (QIP), coherent-state quantum
computing (CSQC) is of special interest for enhancing
the performance of optical communications, where information is encoded into coherent states. These are
the only states that can be transmitted preserving the
state purity even through a lossy channel since they are
eigenstates of the annihilation operator, â|αi = α|αi.
Hence, a simple classical encoding with coherent states
can be the optimal strategy of the transmitter to achieve
the ultimate capacity of a lossy optical channel10 . On
the receiver side, the sequence of coherent-state pulses
should be decoded fully quantum mechanically by employing a collective measurement with CSQC11 . This
scheme can realize communication with larger capacity, beating the conventional homodyne limit of optical communications12 . Although practical implementation of CSQC remains a big challenge, recent progress in
generating13–17 and manipulating18,19 optical cat states
makes it realistic to implement its basic building blocks.
In this paper, we propose and demonstrate the first operational application of cat states for QIP, where a cat

state is used as the entanglement resource for teleporting
a coherent state with an amplitude gain. We also propose
its new application to quantum key distribution (QKD),
namely a loss-tolerant quantum relay of multi-ary phaseshift keyed (M-PSK) coherent states that does not assume a trusted node. We present its proof-of-principle
demonstration with binary PSK states.
The basic scheme of teleportation from Alice to Bob
of a cat state qubit |ψiA = c+ |αiA + c− |−αiA , which is
a variation of the schemes in refs. 20 and 21, is depicted
in Fig. 1a. Bob prepares
an odd cat state |Φ− (β)iB =

N− |βiB − |−βiB with normalization N− and splits it
into an entangled cat state over paths B and C via a
beam-splitter (BS) V̂BC with reflectivity RB . He sends
one part of it to Alice at port C. She then combines it on
an RA -reflectivity BS with her input |ψiA at port A as
|ΨiABC = V̂AC |ψiA V̂BC |ΦiB |0iC .

(1)

She finally measures modes A and C by single-photon
detectors. By conditioning port B on her measurement
result, Bob can restore Alice’s input.
The pamplitude of the resource cat state is set as
β = α (1 − RA )/RA RB , such that the components at
port A turn into either the vacuum or a non-vacuum
state. Then, when Alice’s detectors register a single photon at port A and nothing at port C – denoted (1,0)
– Bob unambiguously obtains the state (Supplementary
Information)
AC h1, 0|ΨiABC

∝ c+ |−gαiB + c− |gαiB ,

(2)

p
where g = (1 − RA )(1 − RB )/RA RB is the gain parameter. By a simple π-phase shift, it can be transformed to Alice’s input |ψiA , but with a modified amplitude α0 = gα. This process, previously suggested in
ref. 3, we will call tele-amplification.
Unfortunately this tele-amplification is vulnerable to
losses. Suppose the channel between Alice and Bob is
subject to a linear loss RE . The amplitude of the resource
cat state should then be chosen as
s
1 − RA
β=
α.
(3)
RA RB (1 − RE )
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This is referred to as loss-tolerant quantum relay. In this
context, Bob plays the role of an intermediate node, restores the target states |±gαiB , and sends them to the
terminal node, Charlie.
This simplest binary case can be extended into MPSK coherent states. Let us show it for the 4-PSK case,
|αm i , (αm = im α, m = 0, 1, 2, 3). Bob should prepare a
4-component cat state
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as a resource. This state is beam-split, and is shared with
Alice. We set RA = 0.5. As in Fig. 1c, Alice performs a
four-port single-photon detection at paths A, A’, C, and
C’ on this state. Depending on the set of results at the
four ports, (A, A’, C, C’), the inputs are tele-amplified
as
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FIG. 1: Scheme of quantum tele-amplification and quantum
relay. a Tele-amplification of binary cat-state in an ideal lossless channel. RA and RB are the reflectivities of the BSs. b
Loss tolerant quantum relay. RE is the reflectivity of the BS
which models the lossy channel. c Alice’s four-port measurement for the case of 4PSK states.

After conditioning on Alice’s detection event (1,0), Bob’s
state gets entangled with an external mode E as
|ψiA |0iE 7→ c+ |−gαiB |εiE + c− |gαiB |−εiE
with the modified gain including the loss rate RE
s
(1 − RA )(1 − RB )
g=
.
RA RB (1 − RE )

(4)

(5)

p
Here ε = (1 − RA )RE /RA (1 − RE )α. Thus, the output at Bob is generally in a decohered state.
One can, however, see that if Alice’s inputs are restricted to classical components, |αi or |−αi, as in Fig.
1b, the output state can be completely disentangled from

Thus, the simple tele-amplification is performed for the
result (0,1,1,1). Moreover the output state can be
switched to another element by choosing an appropriate
click pattern at Alice (Supplementary Information).
The faithful relay itself can also be realized in a classical way, where Bob at the intermediate node performs
an unambiguous state discrimination on the signal state,
reproduces an amplified state for his confident result, and
finally resends it to Charlie. This classical relay cannot,
however, be applied to a QKD relay node without the
trusted node assumption. In contrast, a quantum relay
can be carried out in the fully quantum domain, without Bob’s knowing the signal state itself, though at the
expense of preparing the entangled cat state, and an appropriate entanglement verification session. Similar ideas
for single-photon QKD were presented in refs. 22 and 23.
Our loss-tolerant quantum relay is particularly useful for extending the distance of QKD which uses PSK
coherent states, such as B92 and BB8424–26 . Although
the secure key generation probabilities at short distances
slightly degrades from the original PSK-BB84, they can
remain at reasonable levels up to much longer distances
by the loss-tolerant quantum relay (Supplementary Information).
We carried out an experimental demonstration of the
tele-amplification in the simplest case of binary PSK as
in Fig. 1b to realize Eq. (6). The resource cat state |Φ− i
was generated by photon-subtraction from a squeezed
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FIG. 2: Measured results for the twelve cases. The blue straight lines represent α0 = gα. The open circles represent the
sets of α and gtg in Table I. The fidelities between the measured states and the targeted |gtg αi are indicated by the numbers
in brackets. Filled circles represent the amplitudes α (α0 ) of the coherent states that have the maximum fidelity with the
measured input (output) states. Insets: Output state Wigner functions are shown in blue contour plots. The red solid and
dashed circles are for the input and ideal targeted states, respectively.

vacuum with anti-squeezing along the real axis in phase
space (Methods). Bob’s BS was set to RB = 0.1. For
a given desired gain g, we varied RA according to Eq.
(5). The resource cat-state amplitude β, experimentally
tuned by the squeezing level, was then set by Eq. (3).
The detector at port C was omitted with negligible effect
on the outcomes since the events (A,C)=(1,1) would be
rare. Bob’s output state was characterized by homodyne
tomography.
We tested twelve settings as summarized in Table
I. The five different input amplitudes α were real and
ranged between 0.35 and 1.4. The protocol was carried
out only for |αi because the outcome for |−αi would be
trivially identical. The measured results are shown in
Fig. 2. The blue straight lines are gain curves α0 = gα
in the (α, α0 ) diagram. The open circles plotted along
these lines represent sets of α and gtg in Table I. The
Wigner functions of the tomographically reconstructed
tele-amplified output states ρ̂out are shown as blue contour plots in the insets. One contour level is highlighted for comparison with the targeted states |gtg αi
(red dashed) and the actual input states ρ̂in ≈ |αihα| (red
solid, also characterized by homodyne tomography). The
discrepancies between ρ̂out and |gtg αi are due to imperfections, including the deviation of the photon-subtracted

state from the ideal resource cat, losses, impurity, and
Alice’s use of an on/off detector instead of two singlephoton detectors. For each setting, we calculate which
coherent states |αi , |α0 i have the highest fidelity with
the measured input and output states, respectively, that
is, α = argmaxγ hγ|ρ̂in |γi and α0 = argmaxγ 0 hγ 0 |ρ̂out |γ 0 i.
These (α, α0 ) pairs are marked as filled circles.
Despite the imperfections, the tele-amplification succeeded with high fidelities F = hgtg α|ρ̂out |gtg αi between
0.89 and 0.95 as shown next to each inset. The obtained
amplitudes (filled circles) are close to the targeted ones
(open circles) in almost all cases. The success probabilities were in the range 0.3% to 0.65% (Methods). For
larger α0 , the Wigner function shapes are slightly elongated due to the larger squeezing needed to produce those
states. We note that our experimental settings were not
fully optimized by taking into account spectral mode mismatch between the resource cat and input coherent states
as well as between the APD and homodyne detectors.
Had we done it, we estimate the achieved fidelities to
have been 0.94–0.99.
The settings #11 and 12 had an additional 80% loss
(RE = 0.8) in the channel from Bob to Alice. In #11,
RA = 0.5 for the original lossless setting (as in #1), while
in #12, RA = 0.83 as optimized according to Eq. (5), re-
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#
1
2
3
4
5
6
7
8
9
10
11
12

α
0.35
0.35
0.50
0.50
0.71
0.71
1.00
1.00
1.41
1.41
0.35
0.35

gtg
3.0
2.2
2.2
1.5
1.5
1.0
1.0
0.76
0.76
0.50
3.0
3.0

β
1.11
0.81
1.16
0.79
1.12
0.75
1.05
0.80
1.13
0.74
1.11
1.11

RA
0.50
0.65
0.65
0.80
0.80
0.90
0.90
0.94
0.94
0.97
0.50
0.83

RE
0
0
0
0
0
0
0
0
0
0
0.8
0.8

F
0.901
0.945
0.936
0.921
0.885
0.950
0.926
0.940
0.889
0.935
0.839
0.872

TABLE I: Desired tele-amplification for the twelve settings of
input coherent states and gains. gtg is the targeted gain. The
last column shows the obtained teleportation fidelities.

sulting in success probabilities of 0.17% and 0.11%. The
fidelities with the target state are as high as 0.839 and
0.872, respectively, as compared with 0.901 in the lossless case. This demonstrates the loss tolerance of the
protocol.
Teleportation of a cat-state qubit as in Eqs. (12) is a prerequisite for CSQC. Interestingly, the teleamplification allows to convert between different amplitude qubit bases. Although we previously generated
such arbitrary cat qubits18,27 , it was not feasible to teleamplify them with the current setup since three simultaneous APD clicks would be needed. Instead we simulated
this protocol by accurately modelling the current experiment including all relevant practical imperfections (Supplementary Information). Figure 3 shows the average
fidelities between the teleported state for an input catstate qubit and an output state from the model (Methods). For a wide range of input amplitudes α and output
amplitudes α0 , it is possible to surpass the classical limit
of 2/3.
Finally we make a brief comparison between our
scheme and the quantum noiseless amplifier with singlephoton ancilla28–30 . The latter is intended to noiselessly
amplify a coherent state with an unknown amplitude
at the cost of the success probability. In contrast, our
scheme assumes the known amplitude α but instead enables one to tele-amplify PSK coherent states over a lossy
channel with perfect fidelity and high success probability.
It can also implement, in principle, the teleportation of
their arbitrary superpositions.
In summary, we presented tele-amplification and losstolerant quantum relay of coherent states as the first operational application of optical cat states. The scheme is
an essential building block for CSQC as well as quantum
communications.
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FIG. 3: Simulated average qubit teleportation fidelity as a
function of input (α) and output state (α0 ) amplitudes. All
relevant practical imperfections in our experimental setup, as
described in the Supplementary Information, are taken into
account. The red curve labelled “F = 2/3” indicates the classical teleportation bound.

Methods

Experiment We generated the squeezed vacua at 860
nm wavelength from an OPO (optical parametric oscillator) continuously pumped with pump parameters between 0.15 and 0.31, corresponding to β values of 0.78 to
1.15. We tapped off 5% of the squeezed beam on a BS
and guided it to an APD. A click of the APD heralded
the subtraction of a photon from the main beam15,27 .
The state thus generated is a close approximation to the
odd cat state |Φ− i, and has been shown to provide nearperfect teleportation performance31 .
Whenever Alice’s APD clicked simultaneously with the
heralding signal of the single-photon subtraction for the
resource cat-state generation, the tele-amplification was
successful, and we recorded a trace of the homodyne signal of Bob’s output state. The success probability is
given by the ratio of the simultaneous click rate (∼3–28
s−1 ) to the photon subtraction click rate (∼1000–4500
s−1 ). It is mainly limited by detector and spectral filtering efficiency. To build the homodyne tomogram, we
repeated this procedure 6000–24000 times for each fixed
input state, with the local oscillator of the homodyne detector locked at phases −180◦ , −150◦ , . . . , 150◦ with respect to the input state. Note that the protocol succeeds
as a single shot for an unknown input state – the repeated
measurements with identical inputs are only needed for
characterizing the process by homodyne tomography.
Alice’s input states were independently characterized
by homodyne tomography at port C by setting RA = 1.
To determine the input states accurately just at Alice’s
BS, we correct their reconstruction for the detection efficiency and the propagation losses from that point to
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the homodyne detector. This total efficiency amounts
to 88%. Likewise, in the reconstruction of Bob’s output
states we correct for the overall detection efficiency of
94% but not for any propagation losses.
A more detailed description of the experimental setup
and the state characterization can be found in the Supplementary Information.
Simulation of cat-state qubit teleportation A catstate qubit can be represented on a Bloch sphere as
|ψ(α, θ, φ)i = c+ |αi + c− |−αi
θ
θ
= cos |Φ+ (α)i + eiφ sin |Φ− (α)i ,
2
2

p
states with N± = 1/ 2(1 ± e−2α2 ) and c± = N+ cos θ2 ±
N− eiφ sin θ2 .
Given an input state |ψ(α, θ, φ)i, our model of the experiment, described in Supplementary Information, returns a teleported output state ρ̂α,θ,φ . To quantify the
performance of the qubit teleportation for specific settings of α and α0 = gtg α, we calculate the average fidelity
of the teleported state with the target state by integrating over the Bloch sphere:
Z
sin θ
avg
Fα→α
dφdθ
hψ(α0 , θ, φ)| ρ̂α,θ,φ |ψ(α0 , θ, φ)i .
0 =
4π

where |Φ± (α)i = N± (|αi ± |−αi) are the even/odd cat

The results for a range of amplitude settings are plotted
in Fig. 3.
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